AS & A Level - Mathematics (9209) - Chapter 1

—Quadratics }\ //
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SylLabus Jropic 1.1 Quadratics - Paper 1 (Pure Mathematics 1)

For the Cambridge International AS & A Level Mathematics 9709 sylLabus, exams in 2026 and

2027 (AS Level content)

— Syllabus statements covered in this chapter

1 | Syllabus

— | ref.

11

— | statement 1

SR

statement 2

14

statement 3
11

statement 4

1.1

statement 5

What you must be able to do Level
Carry out the process of completing the square for a quadratic polynomial ar® +

bx + c and use a completed square form (e.g. fo locate the verfex of y = ax® +
bx + c or to sketch the graph)

Find the discriminant of a quadratic polynomial ax?® + bz + c and use the discriminant
(e.g. 1o determine the number of real roots of az? + bz + ¢ = 0), including the term
repeated root

Solve quadratic equations, and quadratic inequalities, in one unknown, by factorising,
completing the square and using the formula
Solve by substitution a pair of simultaneous equations of which one is Linear and one is

quadratic

Recognise and solve equqﬁons in  which are quadrqﬁc in some function of x (e.g. inx2,

\/x ortan )

What is inside

1. Concept notes, graphs and 8 worked examples

2. Exam fechnique; common mistakes from examiner reports

3. 20 quick-check multiple-choice questions, explained

4. G structured questions (Paper 1 style) with Tull mark schemes
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J. QUICR=TEIerence siieel, 1cuan ChnethList

How to read these notes

= AS Level content (Paper 1)

red = key ferm green = definition

Marks: method - accurafe answer (depends on the M mark) - independent mark - method

— | morkthatdependsomaneartier Hmark—ft="fottowtwough—————————————————

% Exam tip: Paper 1says “no marks will be given for unsupported answers from a calculator”. Solve every

| quadratic by factorising, completing the square or the formula with the numbers substituted, even if your

— | calculator can solve it.
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Il Completing the square

A quadratic polynomial is ax? + bz + c with a # 0. Its qraph y = az? + bz + c s a parabola: U-

shaped if @ > 0, N-shapedif a < 0.

Definition . Completing the square writes az® + bz + c in the form a(z + p)? + g. The graph
then has its vertex (turning point) at (—p, g) and line of symmetry z = —p.

When a = 1: halve the coefficient of z: 2 + bz + ¢ = (:E + %)2 — (%)2 +c
| When a # 1: fake a out of the 2 and x terms first:  az® + bz +c=a [m2 - %x} +ec

compLe’re the square inside the bracket, then muH'ipLy back.

B 21\[_2i£

Worked example I: completing the square with o 1

Express 322 — 12z + 7 in the form a(x + b)? + c. Hence state the coordinates of the vertex of
y = 3x% — 12z + 7 and sketch the curve.

30 — 120+ 7=3[a —4dz] +7=3[(x —2)  —4] + 7=3(z — 2)* — 5.

Vertex (2, —5), a minimum since @ = 3 > 0. y-intercept (0, 7). Roots: (z — 2)% = 2

3,SO$:
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- y=3x"-|12x + 1 \+/
! vertex (2, -5)

-

,TAP cheoteh:\ l—('[:n7bpl verfex (9’ —r\)l (’ylmu‘pfm'ﬁ n/mug‘"l’ =92




——— and the range of f(z) = 5+ 4z — 2 forz € R.
———— 5+4z—a?=5— [z —4z] =5 [(#—2) - 4] =9 — (z — 2)2.
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( Worked example 2: greatest value and range

—| Express 5 + 4z — 22 in the form a — (z — b)2. Hence state the greatest value of 5 + 4z — x2

— (z — 2)2 > 0, so the greatest value is 9, when z = 2. Range: f(z) < 9.

\\ J/

TOOT TVIITVIANYT

Definition s, The discriminant of az® + bx + cis b® — 4ac. It is the expression under the square
root in the quadrqﬁc formula.

A A A
y \ y Y \ y /

|/ Nl / N

\ / / Dt

—X 7~

o 4
o

N_/

S
b2 — 4qge > (- tuo distinct real roots b% — 4ac = (- one repeated root b2 — dae < (- noreal roots
(touches)
| Discriminant | Roots of az® + bz +c =0 Graph of y = ax® + bz + ¢
b —4ac>0 two distinct real roots crosses the z-axis twice
b’ —4ac=0 one repeated root (two equal roots), @ = — % touches the x-axis at its verfex
b —4ac<0 no real roots does not meet the z-axis

o | L/ | JTON RIBN A 72 4 ra
& REALTO0TS (eqQUaL O arsSTCT/ means o™ — 4ac = U,

( Worked example 3: a repeated root

Find the values of the constant & for which the equation * + kx + k + 3 = 0 has a repeated root.
b> — dac = k?> — 4(k + 3) = k* — 4k — 12.Repeated root: k> — 4k — 12 =0, (k —
6)(k+2)=0s0k=60rk =—2.

(Check: k = 6 gives (z + 3)% = 0; k = —2 gives (z — 1) = 0.)

—AL S

Ly 4 e

S

1. Factorise (check that the brackets expand back fo the originaL): 2+ x—6= (22 — 3)(x+2) =0,s0

wzgorm:—z

2. Complete the square, then square-root both sides (remember +).

3. Formula: x = o= VOOH _ me. Write the formula with the values substituted.
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( Worked example 4: exact and 3 s.f. answers

——— (a) Solve % — 6z + 4 = 0 by completing the square, giving exact answers. (b) Solve 2z + 4z —

— 3 = 0, giving answers to 3 significant figures.

—— 1 @ ((x—32-9+4=0s0(z—3)2=5andz =3+ 5.

— 4+ V/4-4(2)(-3) -4+ V40

b) x = ,sox = 0.581 or x = —2.58.

[ 2(2) 4

\, J

Quadratic inegualities

| Method: (1) rearrange to az? + bz + ¢ > 0 (or <, >, <); (2) find the critical values by solving
' az? + bz + c = 0: (3) sketch the parabola; (4) read off where the graph is above (> 0) or below (<

1 0) the z-axis.
For a > Quith roots o < f3: (fr - (}')(”)" - ﬂ) 0 a < x < (3 (one interval) and (’r -
a)(xz—p3)>0 z < aorx > B (twointervals). Never write "3 < z < a"or'a >z > 3"

3 4,

\ ;=2x’—3x-2 /

"IN /

JESEN /

\ /

? y>0 \ / y>0

o i m——

B N /

] \,e/

-20 15 10 -05 00 05 10 15 20 25 3.0 35

222 — 32 — 2 > 0 where the curve ic above the T -axis (ved).

[ Worked example S: solving a quadratic ineguality

— Find the set of values of z for which (22 — 3) > 2.

————— 22% — 3z — 2 > 0. Critical values: (2z + 1)(z — 2) = 0,z = — 3 or & = 2. The U-shaped

2
— graph is above the axis outside the roots: x < —% orx > 2.

Worked example 6: discriminant inequality (line meets curve)

Find the set of values of & for which the line y = kx — 2 meets the curve y = 22 + 2z + 2 at two
distinct points.

2’ +2z+2=kx — 2= 2>+ (2 — k)z + 4 = 0. Two distinct points: (2 — k)% — 16 > 0.
Critical values: (2 — k)2 = 16,2 — k = £4, k = —2 or k = 6. The U-shaped graph of (2 —
k)? — 16 against k is positive outside these: k < —2 or k > 6.
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Simultaneous equations: one linear, one guadratic

Make  or y the subject of the linear equation, substitute into the quadratic one, solve, then find the other

variable Trom The linear equation. Give The answers in pairs. Geometricaly, the solutions are The points

where a line meeTs a curve.

Worked example 7: line and circle

Solve the simultaneous equations 2z + y = 3 and z? +y? = 18.
y=3—-2z,s0x®>+(3—-22)2=18= 522 - 122 —9=0= (5z + 3)(z — 3) = 0.
r=3y=-3 = —%:y=3+ g = 25—1.SoLu’rionsm =3, y=—-3andx = —0.6, y =

\,

4.2.
5 I
(-06,42) YY\‘?"ZX
4

dRRAr AR N\

\
2 \ \
\

N
/
Xy

The two colutions are the two points where the line cuts the circle.

e e e e

An equation of the form a[f(z)]* + bf(z) + ¢ = O'is a quadraticin f(x). Put u = f(z) (use a new

letter, not x), solve for u, then solve I(x) = wu for each value, rejecting impossible ones.

Egquation Substitution Values of v that must be rejected
2t — 52?2 +4=0 u = x? u < 0 (a square cannot be negative)
B 2 — 723 —8=0 u=z> none: a cube can be neqative, T = J/u (one value only)
—6:1:+\/E—1:0 u=4z 50 =u> u<0(/z>0)
_ (tan’z=1+tanz |u=tanz none for tan; for sin or cos reject |u| > 1
2 -341=0 u=1 u =0 (noz gives 2 = 0)
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4 N
Worked example 3: three hidden quadratics
———— Solve (a) 3z* — 1122 — 4 =0, (b) 2z — 3\/z — 2 =0, (c) 2tan? 0 + tand — 6 = 0 for
——————1 0" <6<180°.
————— @Wu=2%3u—1lu—4=(3u+1)(u—4) =0,s0u =4oru = —3 (rejected). z =
—1 +2.
———— ®u=yz:2u’? —3u—2=(2u+1)(u—2)=0,s0u =2 (u = —3 rejected). z = 4.
— 1 () (2tan@ — 3)(tanf + 2) = 0.tand = 1.5: 0 = 56.3". tanf = —2: 0 = 180" —
—+—1 63.43° =116.6°.0 = 56.3" or 116.6°.
. J
Exam teclnm‘gue
How to collect every mark
e Show a method for every quadratic: factors that expand to the original, the formula with numbers substituted,
or completing the square. A calculator answer alone scores no marks.
| ¢ "Hence" means use the previous part: a completed square form gives the vertex, least value and range at once,
| so you need not restart with the discriminant.
— * Inequalities: find critical values, skefch, then write the set. Keep the inequality sign correct when you divide
_— (dividing by a neqgative reverses it).
__| o "Setof values of k": the discriminant condition is itself a quadratic inequality in k: solve it like one, with a
. sketch.
e Exact answers mean surds or fractions: 3 &= 1/5, not 0.364 and 5.24. Otherwise give 3 significant figures,
N working with af least 4.
| o Check your answers make sense: reject 2> < 0 or /z < 0, and reject a value of k that stops the equation
— being quadratic (e.g. k = 0 in kx? +...).
\. J

| Cowmwmon wmistakes that lose wmarks

e Calculator-only solutions of quadratics, or quoting the formula without substituting values.

4 1+ 44 2 9
s Completing the square with @ 7 1: forgetting fo muttiply the — (2 ) term by a: 22° + 12T + 11T #
L 9\2 |

Y4 9
2T T o) T 2z

e losinga solution: discarding the negaﬁve value of 23 (its cube root is fine). or wriﬁng /=8 = 42,

e Using x as the substitution letter for 23 or 2, then forgetting fo change back.

e Algebra slips when clearing fractions, e.q. —% becoming —Z.

* Inequality sets writfen as one impossible statement suchas 2 < z < — %

e e e

- - <tione

9¥09has no mut pte—cl olce PQPGV: ese 20 ques TORS are a 1a5t check o € SKitts A this ¢ apter. Choose one answer, A, B, C oF D. ANSWers wWith

explanations follow the questions.

122+ 62+ 2in comptefed square form is

A (x+3)2_7 B (2+3)212

C (x46)2—34 D (x—-3)2_7
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2. The vertex of y = (x — 4)* + 3 is

A (—4,3) B (4,-3)
C (4,3) D (3,4)
2 Tho dicariominmand L O ,2 D | E oo
. THCUISCTTimnmulTmT VT L4 JJL T[T J 19
A L4 [»] 24
mw 11 U =J1
C 21 D 44
A>3 ~ 0 | =] LILI

4. The equa’non Iz — 12z + 9 =20has

A fwo distinct real roots

B no real roots

C Three real roots

D one repea"red root

5. The solutionof 22 — x — 12 < Q'is

Axz<—-3orz >4 B 3<zxz<4

C 4<x<3 Dxz< —4dorxz >3

6. The qreatest value of 7 + 6x — z2 is

A 16 B 1

C 3 D1

I 2 kxr+9 — Qhasa rpppg‘l'pd root when

4 s a2 PN S PN
6. IherooTs ot 2~ + o — 2 = Uare

1 N P N
A —5 and 2 B Tand -2

Il a

€ —and=2 D—tond

DO =

9. The exact roots of 22 — 42z — 1 = O are

A 2j:\/5 B —2i\/5

C2++3 D4++/5
10. The solutions of z* — 1322 + 36 = O are

A Yand9 B +2and +3

C 2and3only D +4and +9
M. 22 + 42 + k — ( has no real roots when

ALk<4 B k>4

Ck>14 D £>16
12-Fhesotutionsof r—=3+v/x+2="0are

A—tand2 B—tund=2

€ ‘lunl.y D—4ond4
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13. 22 — 12z + 13 inthe form a(z + b)? + cis

A2(x—3)?-5
C 2(z —6)%— 59

B 2(x—3)* 14
D (22 —3)% 44

2

-

4
T

N >

D o
i

0
\%

15. The sef of values of z for which zZ > 9 is

Axz>3

B 3<zxz<3

Cx>=3

Dx< —3orx >3

16. The line y = = + 1 meets the curve y = 2> — 1 at

A (2,3) only

B (1,2)and (—2,—1)

C (2,3)and (—1,0)

D (0,1)and (2,3)

1%. The line of symmetry of y = 32> + 122 — 1 s

Az=-2 zT=2
Cx=-4 = —6
18. For which equation is b2 — dge — Q2
Azlidri3—0 Bzl t4x15-—0
Ca?tda—4=0 D o?tdri4-—0
19 The Tange of f{T) = == — 6z + t0forz © K13
Az =10 B f(z)=1
¢ f{zy>3 bf{z)y >t
20. The solution of tan? 6§ — 2tanf — 3 = 0with0” < 6 < 90° is
A 45 B 18.4°
C M6 D 135

Answers and explanations

/A 2C-3B- 4D -S§5B-6A-7D-8C-9A-10

B-NNC-12D-13A-1B-I1SD-16C-17A:

18D -198B-20C

+3)-9+2.

=3 —4(2)(5) =9 —40.

1A (z

2.C.(z — p)* + g has vertex (p, q).
3B

L 144 0 L (9 2\2

N 144 £ a)
W I 13T — U, 1T Tuct \AJ; - vJ} — U.

pa— . rnn+c
B—Q%—%%)M g oo

4

g

o

6.A.16 — (z — 3)% greatest when 2z = 3.

1.D. k> — 36 =0.
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8.C.(2z — 1)(z +2) = 0.
9LA. (z —2)% = 5.

10.8. (2 — 4)(z® — 9) = 0.

1.C.16 —4k < 0.

12.D. (v —1)(v/x —2) =0,50/z =1or2

13 A 2f(z =3 =9+ 13

4. 0 2 9 O 4 1 4 Fay
M D. L+ 2 — C — U4 T 4c — U

15D, OQutside the criticalvalues—+3.

bhCr?—z-—-2=0zr=20—-liy=x+1

%A 3(x + 2)% — 13.

18.D.16 — 16 = 0.

19.8. (z — 3)% + 1 > 1, and the value 1 is reached at = 3.

20.C. (tané — 3)(tan @ + 1) = 0; tan @ = —1 has no solution in range.

Exam-style structured guestions (Paper | style)

A 1l de L 1 Lot ! s £ o d L (L T Ll 99 !
IWET UW IJUI 157 IJNMUW ULTIELE uly wUT P\ll!H. NUTTIUTASUTE SIVCH 10T UIIDUIJPUI TEUUIRWET S TTUINTT U TULLULUTOUT T TUTULT ZO TTIUT RS,

Question 13 marks]

The function f is defined by f(z) = 22 + 12z + 11 forz € R.

(a) Express f(z) in the form a(z + b)” + c, where a, b and c are constants. L3
(b) State the coordinates of the vertex of the graph of y = f(z). g
(c) Solve the equation f(a) = 0, giving your answers in exact form. e
(d) Find the set of values of x for which f(z) > 11. 2]

Mark scheme

e @2[(x+3)2—9|+1lora=2seen @:b=3 @;:c=—7 gving2(z +3)> -7

o (b)(—3,—-7) EED (it their (~b,c))

o () (x+3)= % and square root taken @) T = —3 & \/gor 34+ 3@
e (d) 22% + 12z > 0, critical values z = O and z = —6 @ z< 6orz>0

Question 213 warks]

A curve has equation y = z” + 3z — 2 and a line has equation y = kx — 6, where k is a constant.

(a) Find the set of values of k& for which the line does not meet the curve. 3J

(b) For the greater of the fwo critical values of £ found in (a), the line is a tangent to the curve. Find the

coordinates of the point where the line touches the curve. (&

Mark scheme

e @z*+3x—2=kr -6 @ z*+(B—k)z+4=0@: 3—k)>—16uith<0

(or critical values from = 0) ; critical values k = —1landk =7 ; -1<k<7

e Wk=T22—4z+4=0andsolved @z =2 @ vy = 8 50 (2,38)
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Question 3 [s marks]

Solve the simultaneous pglurd'innq T ‘)y — T and 22 -+ ery — 10 [s]

Marlk scheme

x = 7 — 2y substituted: (7 — 2y)? + 3y(7 — 2y) = 10
20+ 7y —39=0 @

(2y 4+ 13)(y — 3) = 0 or formula with values
13

y=3ory=—-3 @
x=1, y=3andz = 20, y = —6.5 @ (substituting for y instead leads to 2% — 21z + 20 = 0;
mark equivalently)

Question 4 [7 marks]

(a) Solve the equation 4z* — 3722 + 9 = 0. 74]

(b) Solve the equation 6z — 7,/z — 3 = 0. K|

Mark scheme

@u=2%24u?—-3Tu+9=0@ u—1)(u—9)=0@:22=1orz>=9 @
z=x+3 =3 @
Mu=+yvzb6u?—Tu—3=Bu+1)(2u—3)=0 @ vz =3 vithy/z =—3
rejected @) = = %

10
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Quick-reference sheet

| ltem Key facts
__ completed ar’+br+c=a (:p + %)2 +c— %; vertex <_2_I;’ c— %); least value if @ > 0,
| | SQuare greatestifa < 0
— discriminant b?> — 4ac: > 0 two distinct real roots; = 0 repeated root; < 0 no real roots; real roots
| ~— >0
—b++Vb2 -4

—{ formula T = 5 ac (show the values substituted)

a
. inequalities critical values, sketch; for a > 0: < 0 between the roots, > 0 outside them (two separate
| inequalities)

| line and curve substitute, form a quqdrqﬁc; 1'qngen’r <= b% — 4ac = 0; nointersection <— b2 —

— 4ac < 0
simultaneous rearrange the linear equation, substitute, solve, pair the answers
hidden u=z2,23, /T, %, tanz . . .; reject impossible values of u

— quadratics

"I can" checklist

greatest value and to sketch the graph

O find the discriminant and use it to decide the number of real roots, including a repeated root, and to find unknown

constants

[ solve quadratic equations by factorising, completing the square and the formula, giving exact or 3 s.f. answers

[ solve quadratic inequalities and write the solution set correctly

I solve alinear and a quadra’rlc equaﬂon SImuLTaneousLy by substitution

1



